We study the Blume-Capel universality class in d = 10 3 − ǫ dimensions. The RG flow is extracted by looking at poles in fractional dimension of three loop diagrams using MS. The theory is the only nontrivial universality class which admits an expansion to three dimensions with ǫ = 1 3 < 1. We compute the relevant scaling exponents and estimate some of the OPE coefficients to the leading order. Our findings agree with and complement CFT results. Finally we discuss a family of nonunitary multicritical models which includes the Lee-Yang and Blume-Capel classes as special cases.
INTRODUCTION
The universal behavior of macroscopic systems has long been attracting the interest of the scientific community because it shows unexpected connections among several different areas of physics and draws interdisciplinary connections with other quantitative sciences. It is well known that systems undergoing a second order phase transition exhibit a diverging correlation length at the critical point, which typically signals the separation among two or more macroscopically distinct phases. In fact, close to a second order critical point the system forgets the details of its microscopic interactions because of the large correlation length, and therefore very different microscopic models might exhibit the same macroscopic behavior. Such models are said to constitute a universality class.
The most famous second order phase transition is perhaps the one observed in ferromagnetic systems which demonstrate a separation between ordered and disordered magnetic phases, and which could be described by the critical Ising model with nearest neighbor interactions among microscopic spins. Interestingly the same critical properties are observed close to the critical point of the liquid-vapor transition in the phase diagram of water. The two physical systems therefore belong to the same universality class, which is known to be described by the φ 4 model with scalar order parameter φ [1] .
The study of universality classes systematizes our understanding of long range interactions in critical systems. On the one hand, it is often possible to identify the order parameter φ and study the Ginzburg-Landau description of the critical system in terms of its free energy and its renormalization group (RG). On the other hand, it has been observed that the scale invariance of a critical point is often promoted to full conformal invariance. Solid investigations thus interpolate various * codello@cp3-origins.net † safari@bo.infn.it ‡ vacca@bo.infn.it § omar.zanusso@uni-jena.de methods of field theory, including perturbation theory, RG and conformal field theory (CFT) methods. Even more interestingly, Nature is not promiscuous in that it seems to provide us with a comparatively small number of universality classes in three dimensions, making the discovery of any new one even more interesting. In fact, while in two dimensions there is a countable family of critical models, including the notable examples of the CFT minimal models M p,q [2] , in three dimensions there is, in comparison, a scarcity. This is especially true in the absence of global symmetries and for a single scalar order parameter φ, in which case there might be only three such models: the Ising universality class, * with upper critical dimension d c = 4 [3] the Lee-Yang universality class with d c = 6 [4] , and the Blume-Capel universality class with d c = 10 3 which is the object of this paper. † These three models are all believed to be CFTs at criticality [8] [9] [10] [11] [12] [13] [14] .
The Blume-Capel universality class has some rather interesting properties: its upper critical dimension is a rational number slightly above three, meaning that the model offers a new nontrivial critical point in three dimensions. In an ǫ-expansion with d = 10 3 − ǫ it is sufficient to set ǫ = 1 3 to estimate the physically interesting case d = 3. The ǫ-expansion is thus expected to be better defined and able to give more precise estimates if compared with the other two nontrivial three dimensional universality classes. Another property of this universality class is that the leading perturbative RG flow must be obtained by looking at 1 ǫ poles of three loop diagrams. In this paper we compute for the first time the leading order corrections in the ǫ-expansion to the spectrum and the operator product expansion (OPE) coefficients of the Blume-Capel class. For this purpose, we use the powerful functional perturbative RG methods recently developed [15, 16] . A preliminary analysis of the conformal data has been performed in [14] with CFT methods, but up to now only with RG methods it is possible to obtain the critical coupling at the fixed point g(ǫ), which is the gateway for numerical estimates of critical quantities in d = 3. We expect that the new critical point can be observed either theoretically in computer simulations, or experimentally in opportunely tuned systems such as the atomic mixtures described by the microscopic BlumeCapel model [17] which has enough degrees of freedom to exhibit the tricritical phase [6] . The critical point might also be relevant in the understanding of the full analytic structure of the partition function of the tricritical Ising model as a function of the magnetic field [18] .
Finally, we complement the analysis by covering a family of multicritical nonunitary models which includes the Lee-Yang and Blume-Capel classes as the first two special examples. All models besides the first two have upper critical dimension smaller than three, and thus are physically interesting in two dimensions, where they are expected to correspond to a nonunitary subset of the CFT minimal models M p,q [6, 7, 19] .
BETA FUNCTIONALS

The
Landau-Ginzburg description of the Blume-Capel class consists of an action
in which the potential becomes quintic at criticality. We renormalized (2.1) using minimal subtraction (MS) of the
3 − ǫ and we used the results to construct beta functions for the effective potential V(φ) and a wave function Z(φ) in a background field approach. The relevant diagrams for the leading contributions to the flow appear at three loops and are shown in Fig. 1 (the next-to-leading contribution is at six loops).
The beta functionals are
where we defined the positive coefficients
We also checked agreement with the beta functionals of [15, 16] , from which (2.2) can be evinced by analytically continuing the next-to-leading terms of the even models φ 2n to n = 5/2. The beta functional β V should be understood as generating function of the beta functions of the couplings of the local operators φ k , and, following the discussion of [16] , the system (2.2) captures unambiguously all contributions to the RG flow of all the relevant operators and the first irrelevant one (k = 1, . . . , 5).
CRITICAL EXPONENTS
Critical properties must be investigated in units of the RG scale µ. We define the dimensionless potentials
which include the rescaling of the field by the square root of Z 0 = Z(0) in order to have a canonically normalized kinetic term, and introduce an anomalous dimension η = −β Z 0 /Z 0 . For future purpose and for simplifying the result, we further rescale v →
The dimensionless wave function satisfies z(0) = 1 by construction, thus its flow can be used to determine the anomalous dimension as a function of the dimensionless potential giving η = 1 30 (v (5) (0)) 2 . The fixed point solutions of β v = 0 from (3.1) is a quintic potential of the form v(ϕ) = gϕ 5 with the constant g being a function of ǫ. For the comparison with standard perturbation theory, we find convenient to consider g as the critical coupling which has beta function
The fixed points of g are in one-to-one correspondence with fixed points of (3.1) in the form gϕ 5 . There is a complex-conjugate pair of nontrivial purely imaginary solutions
2)
The expansion of critical solutions is thus in semi-odd powers of ǫ which has been long well known [5] . The critical exponents can be obtained by linearizing the RG flow (3.1) around the fixed point solution (3.2) and diagonalizing its stability matrix. For this we parametrize v(ϕ) = ∑ 5 i=0 g i ϕ i , thus including all relevant operators and ϕ 5 . Within this basis of operators and up to the first order in ǫ, the stability matrix is already diagonal and the scaling operators coincide with ϕ i for i = 0, . . . , 5. It is thus convenient to express the critical exponents θ i in terms of the operators' anomalous dimensionsγ i (we follow the notation of [16] in which quantities with tilde are computed with MS)
in which we use the determination of the anomalous dimension at the critical point
The critical exponents satisfy the scaling relations
A comparison of our leading estimate for η with the result given in [20] shows some disagreement, even when taking into account the different conventions. However, we can provide several further consistency checks of our results (see also the following section). We give numerical estimates for some notable critical exponents: the anomalous dimension η, the exponent σ = θ 4 /θ 1 , the correlation length exponent ν ≡ (θ 2 ) −1 , and a subleading magnetization exponent ζ = θ 3 /θ 1 We do not estimate the correction-to-scaling exponent ω = −θ 5 = 3ǫ (which is related to the subleading energy exponent) because it is expected to receive large corrections from the next-to-leading orders of the ǫ expansion. One interesting property is that the leading quantum/statistical fluctuations drive the correlation length exponent ν = 1020 to values that are lower than the mean field ν MF = 1/2 below the upper critical dimension. This does not happen to the Ising and Lee-Yang universality classes. Whether this property is stable under further corrections requires further study.
CFT DATA
We now turn our attention to the characterization of the CFT data of the universality class. The scaling dimensions of the relevant operators are defined as ∆ i = d − θ i . The case i = 4 is excluded because the operator φ 4 is a CFT descendant due to the equations of motion ∂ 2 φ ∼ φ 4 . Our three-dimensional numerical estimates are
The versatility of the functional approach allows for estimates of some of the OPE coefficients and therefore of the structure constants of the CFT (see [16] ). Given the symmetrized fusion rules
the MS scheme provides the following estimates
for the C k ij , whenever i + j − k = 5. These expressions require the use of g(ǫ) given in (3.2). The estimates are unaffected by mixing with higher derivative operators for i, j, k ≤ 5.
In [14] the Blume-Capel universality class was considered in d = 10 3 − ǫ on purely CFT grounds using a method that allows to build a conformal theory out of the free theory's data. The pure CFT construction does not yet determine all CFT data, but it gives some quantities to compare with. The following ratio is independent of the FP coupling and agrees with the same quantity as given in [14] 
in which we restored the order of approximation to clarify which is the next-to-leading contribution. Additionally, we can compare some ratios involving theC k ij with the corresponding structure functions of the CFT three point functions C ijk which are related to the OPE coefficients C k ij . The ones that can be compared with [14] areC 1 15
and they agree exactly. In fact, given our estimate ofγ 1 in terms of ǫ, we can use the results of [14] to find the leading ǫ dependence of a family of structure constants which includes (4.2)
in which |k − l| ≤ 4 and k + l ≥ 4 with k and l being both even or odd, as well as other constants with a leading ǫ contribution Evaluating these results at ǫ = 1 3 provides a first numerical estimate for the structure constants of the threedimensional Blume-Capel class.
OTHER MULTICRITICAL MODELS
It is not difficult to generalize the results presented so far to the entire family of odd multicritical models φ 2n+1 . These models are interesting in their own respect but, besides the Lee-Yang (n = 1) and Blume-Capel (n = 2) universality classes, they have upper critical dimension d c < 3 and therefore only physical d = 2 realizations, apart from possible fractal realizations. Their upper critical dimension is
and they can be renormalized starting from the action (2.1) and subtracting the poles in d = d c − ǫ. The diagrams involved in this subtraction have 2n − 1 loops and generalize those of Fig. 1 . All the steps leading to the scaling analysis of the n = 2 case can be followed through and are mostly unchanged, including the definition of dimensionless potential v(ϕ). The convenient rescaling as a function of n is
and replaces the one of the previous sections. We denoted with δ n = 2 2n−1 the canonical dimension of the field φ at d c . The general dimensionless beta functionals in terms of the label n are given as
where r, s, t ∈ N. We defined the coefficients One can check that this formula reproduces (3.1) for n = 2 and that of the leading contribution to the Lee-Yang universality class given in [16] . The anomalous dimension η can be read off imposing
where g comes from the critical potential v(ϕ) = gϕ 2n+1 . This can be used in β v to find the interacting fixed point value
where the summation runs over the same indices as (5.3). The fixed point can be used in the expression for η to find its leading contribution.
From the Taylor expansion of the RG flow of (5.3) at (5.6) we find the anomalous dimensions
2 and the estimates of some of the OPE coefficients
when i+j−k = 2n+1. Notice that the latter vanish in the free-theory limit and that MS gives access only to the "massless" OPE coefficients according to [16] .
Let us show explicitly some specific quantities. We have thatγ 1 can be shown to be η/2 appearing in (5.5). The anomalous scaling of the massγ 2 gets contributions only from s = t = 1 in (5.7)
The OPE coefficients with index k = 1 arẽ
where we neglected the marginal cases in which either i or j equal 2n + 1. All the above explicit results reproduce formulas given in [14] , provided that one restores the factor rescaled away by (5.2) as well as the factorials, i.e. one makes the replacement g → 2n−1
DISCUSSION AND OUTLOOK
In this paper we have reported a detailed analysis of scaling and conformal properties of the Blume-Capel universality class in the ǫ expansion. Our results are interesting for two main reasons: This universality class has been mostly ignored up to now (with some exceptions [7, 14, 20] ), even though it is nontrivial (and nonunitary) in dimension three. Its upper critical dimension is fractional and just above three, which presumably makes the ǫ expansion more reliable.
We have given some numerical estimates of universal quantities in three dimensions where ǫ = 1 3 , in the hope that a numerical simulation might confirm our findings. Based on the Euclidean/Lorenzian duality arguments of CFT, a candidate Lorenzian lattice model that might exhibit this universal behavior is the spin one BlumeCapel model (hence the name) on a two-dimensional grid (thus in 2 + 1 dimensions) and criticality should be achieved by tuning the magnetic field to a purely imaginary value. The spin one Hamiltonian should give enough local degrees of freedom to probe a tricritical phase which should occur at imaginary magnetic field because of nonunitarity.
To promote the importance of the Blume-Capel universality class, it would be interesting to understand if its Landau-Ginzburg form corresponds to a minimal CFT in two dimensions. According to [6, 7] and following the logic of the previous paragraph, this minimal model could either be M 2,7 or M 2,9 (see also [18] in relation to the Yang-Lee edge singularity). While there is no definite answer yet, we believe that it could be achieved using, for example, the methods of [21] .
We have also studied the whole family of multicritical odd models φ 2n+1 . The general results compare well with, and generalize, an analysis based on CFT methods of the same models, thus strengthening their status as conformal theories [14] . However for all models n > 2 the upper critical dimension is smaller than three, implying that they have only two-dimensional physical realizations (besides possible realizations on fractals) in which they could be interpreted as multicritical generalizations of the Lee-Yang universality class. It would be an outstanding theoretical achievement to understand which conformal theories these models correspond to in the two dimensional limit.
